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Capacity Results of an Optical Intensity Channel
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Abstract—This paper investigates a channel model describing
optical communication based on intensity modulation. It is as-
sumed that the main distortion is caused by additive Gaussian
noise, however, with a noise variance depending on the current
signal strength. Both the high-power and low-power asymptotic
capacities under simultaneously both a peak-power and an av-
erage-power constraint are derived. The high-power results are
based on a new firm (nonasymptotic) lower bound and a new
asymptotic upper bound. The upper bound relies on a dual ex-
pression for channel capacity and the notion of capacity-achieving
input distributions that escape to infinity. The lower bound is based
on a new lower bound on the differential entropy of the channel
output in terms of the differential entropy of the channel input.
The low-power results make use of a theorem by Prelov and van
der Meulen.

Index Terms—Channel capacity, direct detection, escaping to
infinity, Gaussian noise, high signal-to-noise ratio (SNR), low
signal-to-noise ratio (SNR), optical communication.

I. INTRODUCTION

I N optical communication, systems often implement some
form of intensity modulation, where the input signal mod-

ulates the optical intensity of the emitted light, i.e., it is propor-
tional to the light intensity and is therefore nonnegative. The
receiver usually consists of a photodetector that measures the
optical intensity of the incoming light and produces an output
signal which is proportional to the detected intensity, corrupted
by noise.
In the free-space optical intensity channel [1], [2], it is as-

sumed that the corrupting noise is additive white Gaussian dis-
tributed and independent of the signal. This assumption is rea-
sonable if the ambient light is strong or if the receiver suf-
fers from intensive thermal noise. However, particularly at high
power, this model neglects a fundamental issue of optical com-
munication: the noise depends on the signal itself due to the
random nature of photon emission in the laser diode.
A more accurate (but for analysis also more difficult) model

is the Poisson channel [1], [2]. There the channel output is
modeled as a discrete Poisson random variable with a rate
that depends on the current input. This model reflects the
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physical nature of the transmitted signal consisting of many
photons. The noisiness of the received signal is caused by two
main effects. First, the exact number of arriving photons at the
receiver during a given time interval is implicitly random and
is modeled by the mentioned Poisson distribution with a rate
proportional to the input signal. Second, the signal is impaired
by background radiation (called dark current) that is modeled
by an additional constant rate added to the rate of the Poisson
distribution.
Not surprisingly, the behavior of channel capacity of these

two channels differ significantly: at high signal-to-noise ratios
(SNRs), the free-space optical intensity channel has a capacity
that grows logarithmically in the power with the multiplicative
factor in front of the logarithm—the so-called pre-log—being
1 [3]–[8]. The capacity growth of the Poisson channel, on the
other hand, is logarithmic with a pre-log of only [4], [9]–[11].
At low SNR, the capacity of the free-space optical intensity
channel grows quadratically in the peak-power [8], while the
Poisson channel exhibits a linear or stronger growth in the av-
erage power, depending on the exact assumptions about peak
power and dark current [12]. Note that for both models the exact
capacity is in general not known.1

In this paper, we will consider a channel model that is in-be-
tween the free-space optical intensity channel and the Poisson
channel: we keep the less involved assumption of additive white
Gaussian noise, but wemake the variance of the noise dependent
on the current input signal to better reflect the physical prop-
erties of optical communication. So basically, we consider an
“improved” free-space optical intensity channel. We will ana-
lyze the capacity of this improved model and ask the question
whether it behaves more like its sibling model (the free-space
optical intensity channel) or more like the Poisson channel.
The conditional probability density function (pdf) of this

input-dependent Gaussian noise channel is given by

(1)

Alternatively, we can describe the channel model by writing the
channel output as

(2)

where denotes the channel input,
is a zero-mean, variance- Gaussian random variable de-

1Interestingly, for the more general form of the Poisson channel that uses con-
tinuous-time signals and that is not restricted to a fixed pulse-amplitude modu-
lation, the capacity is known exactly [13]–[19].
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scribing the input-independent noise, and
is a zero-mean, variance- Gaussian random variable
describing the input-dependent noise. Here and are
assumed to be independent. The parameter describes
the strength of the input-independent noise, while is
the ratio of the input-dependent noise variance to the input-in-
dependent noise variance, i.e., it describes the strength of the
input-dependent noise with respect to the input-independent
noise.2

We simultaneously consider two types of input constraints: a
peak-power constraint is accounted for by the peak-input con-
straint

(3)

and an average-power constraint by

(4)

Note that since the input is proportional to the light intensity,
the power constraints apply to the input directly and not to the
square of its magnitude (as is usually the case for electrical
transmission models). Moreover, we once more emphasize that
for the same reason the input must be nonnegative

(5)

We use to denote the average-to-peak-power ratio

(6)

The case corresponds to the absence of an average-power
constraint, whereas corresponds to a very weak peak-
power constraint.
In this paper, we investigate the channel capacity of this

channel model. We will present lower bounds on capacity
that are based on a new result that proves that the differential
entropy of the output of our channel model is always larger than
the differential entropy of the channel’s input (see Section IV-B
for more details).
We will also introduce an asymptotic upper bound on channel

capacity, where “asymptotic” means that the bound is valid
when the available peak and average power tend to infinity
with their ratio held fixed. The upper and lower bounds asymp-
totically coincide, thus yielding the exact asymptotic behavior
of channel capacity.
The derivation of the upper bounds is based on a technique

introduced in [20] using a dual expression of mutual informa-
tion. We will not state it in its full generality but adapted to the
form needed in this paper. For more details and for a proof, we
refer to [20, Sec. V] and [4, Ch. 2].

Proposition 1: Consider a channel3 with input al-
phabet and output alphabet . Then, for an ar-

2Note that for the model (1) reduces to the free-space optical in-
tensity channel [1], [2]. However, as we will see, the capacity behavior of the
free-space optical intensity channel is fundamentally different from the channel
given in (1), particularly at high SNR. Therefore, to prevent to have to make
case distinctions, we restrict to be strictly positive.
3There are certain measurability assumptions on the channel that we omit for

simplicity. See [20, Sec. V] and [4, Ch. 2].

bitrary distribution over , the channel capacity is upper
bounded by

(7)

Here, stands for the relative entropy [21, Ch. 2], and
denotes the capacity-achieving input distribution.

The challenge of using (7) lies in a clever choice of the arbi-
trary law that will lead to a good upper bound. Moreover,
note that the bound (7) still contains an expectation over the (un-
known) capacity-achieving input distribution . To handle
this expectation, we will need to resort to the concept of input
distributions that escape to infinity as introduced in [20] and
[22]. This concept will be reviewed in Section V-B.
Finally, we present the asymptotic low-power capacity of the

optical intensity channel with input-dependent noise. This result
is based on a theorem by Prelov and van der Meulen [23] (see
Section VI).
The remainderof thispaper is structuredas follows.After some

brief remarks about our notation, we summarize ourmain results
in Sections II and III. Section II contains the bounds on capacity
that are tight at high SNR, and Section III describes the low-SNR
results. The derivations are then given in Section IV (lower
bounds), Section V (asymptotic high-power upper bounds),
and Section VI (asymptotic low-power capacity). The first two
derivation sections both contain a subsection with mathematical
preliminaries. Inparticular, inSection IV-B,weprove that thedif-
ferential entropy of the channel output is lower bounded by
the differential entropy of its input , and in Section V-B, we
review the concept of input distributions that escape to infinity.
Finally, in SectionVII,wewill discuss the results and summarize
the main points of the techniques used to derived them.
For random quantities we use uppercase letters and for their

realizations lowercase letters. Scalars are typically denoted
using greek letters or lowercase roman letters. A few exceptions
are the following symbols: stands for capacity, and are
the average and peak power, respectively, denotes the
relative entropy between two probability measures, and
stands for the mutual information. Moreover, the capitals ,
, and denote pdfs:
• denotes a generic pdf on the channel input;
• for any input letter , represents a pdf on the
channel output when the channel input is ;

• denotes a generic pdf on the channel output.
The expression stands for the mutual information be-
tween input and output of a channel with transition proba-
bility measure when the input has distribution , i.e.,

. The starred version is used to rep-
resent a capacity-achieving input distribution.
By , we denote a real Gaussian distribution with

mean and variance . All rates specified in this paper are in
nats per channel use, and all logarithms are natural logarithms.
Finally, we give the following definitions.

Definition 2: Let be a function that tends to zero
as its argument tends to infinity, i.e., for any , there exists
a constant such that for all

(8)
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Then, we write4

(9)

Definition 3: The -function is defined as

(10)

It describes the partial integration of the zero-mean, unit-vari-
ance Gaussian pdf. Note that the -function is closely related
to the error function

(11)

(12)

II. HIGH-POWER RESULTS

We present upper and lower bounds on the capacity of
channel (1). While the lower bounds are valid for all values
of the power,5 the upper bounds are valid asymptotically only,
i.e., only in the limit when the average power and the peak
power tend to infinity with their ratio kept fixed. It will turn
out that in this limit the lower and upper bounds coincide, i.e.,
asymptotically we can specify the capacity precisely.
We distinguish between three cases: in the first case, we have

both average- and peak-power constraints where we restrict the
average-to-peak-power ratio (6) to be . In the second
case, we have , which includes the situation with
only a peak-power constraint . Finally, in the third case,
we look at the situation with only an average-power constraint.
We begin with the first case.

Theorem 4: The channel capacity of a channel with
channel law (1) and under the input constraints (3) and (4),
where the ratio lies in , is bounded as follows:

(13)

(14)

where

(15)

4Note that by the subscript we want to imply that does not depend
on any other nonconstant variable apart from .
5Note, however, that while these bounds are valid for any value of the SNR,

they are only useful at medium to high SNR.

Fig. 1. The firm lower bounds (13) and (19) (valid for all values of ) and the
asymptotic upper bounds (14) and (20) (valid only in the limit when )
on the capacity of the channel model (1) under an average- and a peak-power
constraint with average-to-peak-power ratio . The bounds are depicted for var-
ious values of . The noise variance is set to , and the noise variance
ratio is . For (including the case of only a peak-power constraint

) the bounds do not depend on . The horizontal axis is measured in
decibels where .

and where is the solution to

(16)

Note that the function is monotonically

decreasing in and tends to for and to for .
Hence, a solution always exists and is unique. Moreover, from
(16), it also follows that

(17)

i.e., for all . Therefore, is
always defined and finite.

The term tends to zero as the average power and the
peak power tend to infinity with their ratio held fixed at ,

.
The asymptotic expansion of the channel capacity is

(18)

where is defined as above to be the solution to (16).
The bounds of Theorem 4 are depicted in Figs. 1 and 2 for

different values of and . The asymptotic expansion (18) is
shown in Fig. 3.
In the second case (that includes corresponding

to the case when we only have a peak-power constraint), we
have the following bounds.
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Fig. 2. The same bounds as shown in Fig. 1, but with a noise variance ratio
.

Fig. 3. The second term of the asymptotic expansion of capacity as given in
(18) and (22) as a function of . For , this expansion does not depend
on anymore. The noise variance ratio is assumed to be and ,
respectively.

Theorem 5: The channel capacity of a channel with
channel law (1) and under the input constraints (3) and (4),
where the ratio lies in , is bounded as follows:

(19)

(20)

where is defined in (15), i.e.,

(21)

and where the term tends to zero as the average-power
and the peak-power tend to infinity with their ratio held fixed at
, .

The asymptotic expansion of the channel capacity is

(22)

The bounds of Theorem 5 are depicted in Figs. 1 and 2. The
asymptotic expansion (22) is shown in Fig. 3.

Remark 6: For , the solution to (16) tends to zero. If
in (13) and (14) is chosen to be zero and to be , then (13)
and (14) coincide with (19) and (20), respectively.

Remark 7: Note that in Theorem 5 both the lower and upper
bounds do not depend on , i.e., they are invariant to changes of
the average-power constraint. This means that at least asymptot-
ically, the average-power constraint becomes inactive for

. This will be discussed further in Section VII.

Finally, for the case with only an average-power constraint
the results are as follows.

Theorem 8: The channel capacity of a channel with
channel law (1) and under the average-power constraint (4) is
bounded as follows:

(23)

(24)

where the term tends to zero as .

The asymptotic expansion for the channel capacity is

(25)

The bounds of Theorem 8 are shown in Fig. 4.

Remark 9: If we keep fixed and let , we get .
For , the solution to (16) tends to , which makes
sure that (14) tends to (24). To see this note that for we
can approximate . Then, we get from (16) that

(26)

Using this together with

(27)

(28)
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Fig. 4. The firm lower bound (23) (valid for all values of ) and the asymptotic
upper bound (24) (valid only in the limit when ) on the capacity of the
channel model (1) under an average-power constraint. The noise variance is
fixed to , while the noise variance ratio is and ,
respectively. The horizontal axis is measured in decibels where

.

we get from (14)

(29)

(30)

Similarly, (13) converges to (23), which can be seen by addi-
tionally noting that

(31)

(32)

III. LOW-POWER RESULTS

For low SNR, we only give the asymptotic behavior of ca-
pacity in the limit of a vanishing peak power.We distinguish two
cases: the case where we have both a peak- and average-power
constraint , and the case where the average-power
constraint is inactive .

Theorem 10: For , the asymptotic low-power channel
capacity of a channel with channel law (1) and under
the input constraints (3) and (4), where the ratio lies in

, satisfies

(33)

In the case where the ratio lies in , or if only
a peak-power constraint is imposed (which corresponds to

), the asymptotic low-power channel capacity satisfies

(34)

We notice that the threshold between the case with both peak-
and average-power constraints and the case where the average-
power constraint is inactive is at , and—contrary to the
high-power regime—not at . This will be discussed fur-
ther in Section VII.

IV. DERIVATION OF THE HIGH-POWER LOWER BOUNDS

A. Overview

The key ideas of the derivation of the lower bounds are as
follows. We drop the optimization in the definition of capacity
and simply choose one particular

(35)

This leads to a natural lower bound on capacity.
We would like to choose a distribution that is reasonably

close to a capacity-achieving input distribution in order to get a
tight lower bound. However, we might have the difficulty that
for such a the evaluation of is intractable. Note
that even for relatively “simple” input distributions, the distri-
bution of the corresponding channel output may be difficult
to compute, let alone .
To avoid this problem, we lower bound in terms

of , i.e., we “transfer” the problem of computing (or
bounding) to the input side of the channel, where it is
much easier to choose an appropriate distribution that leads to
a tight lower bound.

B. Mathematical Preliminaries

The channel model (1) has a useful property relating the dif-
ferential entropy of the input with the differential entropy of the
output: can be lower bounded in terms of . This is
shown in the following proposition.

Proposition 11: Let be the output of a channel defined by
(1) with an input . Assume some distribution on
having a finite positive mean . Then

(36)

where is a monotonically decreasing positive function
with

(37)



212 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 58, NO. 1, JANUARY 2012

given by

(38)

Proof: See Appendix A.

C. Proof of the Lower Bound (13)

Using (35) and Proposition 11, we get

(39)

(40)

(41)

(42)

(43)

where in the last equality we have restricted the choice of the
input to have zero mass at . We choose an input distribution

that maximizes the entropy under the given power
constraints (3) and (4) and under the additional constraint that

is constant [21, Ch. 12]

otherwise.
(44)

The parameter is chosen to satisfy the average-power con-
straint with equality

(45)

i.e., is the solution to (16).
Then, we have

(46)

and

(47)

(48)

(49)

(50)

where we have used that

(51)

Using (50) and (46) in (43) completes our proof.

D. Proof of the Lower Bounds (19) and (23)

As noted in Remarks 6 and 9, (19) and (23) turn out to be the
limiting cases of (13) for and , respectively. This is
because we choose the input distributions as the corresponding
limiting distributions of (44)

otherwise
(52)

and

otherwise
(53)

respectively.
For (52), we get

(54)

(55)

(56)

which, when plugged into (42), yields (19).
For (53), we get

(57)

(58)

(59)

(60)

(61)

which, when plugged into (43), yields (23).

V. DERIVATION OF THE HIGH-POWER UPPER BOUNDS

A. Overview

We rely on Proposition 1 to derive the upper bounds on ca-
pacity, i.e.,

(62)

Hence, there are two main parts in the derivation: first, we need
to specify a certain distribution and try to evaluate the rel-
ative entropy in (62). Second, we have the difficulty to com-
pute an expectation over the capacity-achieving input distribu-
tion , which of course is unknown. To solve this problem,
we resort to the concept of input distributions that escape to
infinity as introduced in [20] and further refined in [22]. This
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concept tells that under the probability of any set of fi-
nite-power input symbols tends to zero as the power is loosened
to infinity. This will allow us to prove that

(63)

for integrable . The price we pay for using this concept
is that our results are only valid asymptotically as tends to
infinity.

B. Mathematical Preliminaries

Recall the following definition of a capacity-cost function
with an average- and a peak-power constraint.

Definition 12: Given a channel over the input alphabet
and the output alphabet and given some nonnegative cost

function , we define the capacity-cost function
by

(64)

where the supremum is over all input distributions that
satisfy

(65)

and

(66)

Note that all following results also hold in the case of only an
average-power constraint, without limitation on the peak power.
For brevity, we will mostly omit the explicit statements for this
case.

The following lemma shows that capacity-achieving input
distributions do exist for the channel under consideration.

Lemma 13: Consider the channel (1) with the cost function
, i.e., the constraints (3) and (4). Then, there exists6

an input distribution that achieves the supremum in the
definition of the capacity-cost function as given in (64). Simi-
larly, for the situation with only an average-power constraint, a
capacity-achieving input distribution exists.

Proof: See [5].

We will now review the notion of input distributions that
escape to infinity. The statements in this section are valid in
general, i.e., they are not restricted to the channel model under
study. We will only assume that the input and output alphabets
and of some channel are separable metric spaces, and that

for any set the mapping from to
is Borel measurable. We then consider a general cost function

which is assumed measurable.7

6Note that while the capacity-achieving input distribution might not be
unique, it is shown in [5] that the capacity-achieving output distribution is.
7For an intuitive understanding of the following definition and some of its

consequences, it is best to focus on the example of the channel model (1) where
the channel inputs are nonnegative real numbers and where the cost function

is , .

Definition 14: Fixing as ratio of available average
to peak cost

(67)

we say that a family of input distributions on
parametrized8 by and escapes to infinity if for any fixed

(68)

To put it into simple words and taking the example of a finite
input alphabet , an input distribution that escapes
to infinity will assign zero probability to any finite-cost input
letter once the cost constraints are relaxed completely, i.e., it
will only use letters of infinite cost. So, for example, the binary
on/off-distribution that with a fixed probability generates
and with the remaining probability the zero symbol
is not escaping to infinity, because the probability of the zero
symbol remains finite even if . On the other hand, the
binary distribution that with equal probability chooses between
and does escape to infinity as both symbols with positive

probability tend to infinity for .
Definition 14 is of interest because in [22] a general theorem

was presented demonstrating that if the ratio of mutual infor-
mation to channel capacity is to approach one, then the input
distribution must escape to infinity.

Proposition 15: Let the capacity-cost function of a
channel be finite but unbounded. Suppose there exists
a function that captures the asymptotic behavior of the
capacity-cost function in the sense that

(69)

Assume that satisfies the growth condition

(70)

Let be a family of input distributions satisfying
the cost constraints (65) and (66) such that

(71)

Then, escapes to infinity.
Proof: See [22, Sec. VII.C.3].

To put it again into simple words, this theorem states that
the optimal (i.e., capacity-achieving) input distribution escapes
to infinity. Actually, the statement is even stronger: any input
distribution that induces a mutual information growing with the
same speed in the cost constraints as the capacity must escape
to infinity. So, for example, if we are not necessarily interested
in achieving the exact asymptotic capacity, but are content to

8Note that due to the given cost function and the given ratio , the pa-
rameters and must be chosen such that and .
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have an input that will achieve the correct pre-log,9 this input
still must escape to infinity.
To better understand why Proposition 15 holds, consider for

the moment the example of a channel with only an average-
power constraint , and separate the input alphabet into the two
subsets and
for some fixed finite . Any input distribution with average
power can now be regarded as a two-stage
process: in the first stage, or is chosen with probability

and , respectively. In the second
stage, a value is picked from the chosen subset (with proba-
bility if has been chosen in the first stage, or probability

if has been chosen). Now note that the first stage (being
a binary process) can at most contribute 1 bit to the achieved
rate. If in the second stage is chosen, the maximum contri-
bution is due to the fixed limitation of the inputs in
. If is chosen, then we can achieve a rate of for

a proper choice of because the probability distribution in this
case is . Since the first two contributions are finite, for large
they become negligible and we end up with a rate of approxi-

mately . If now does not escape to infinity,
this means that remains positive for all . But condition (70)
says that for large

(72)

i.e., we are strictly suboptimal. Hence, a good input distribution
will make sure that tends to zero once gets very large.
Note that Proposition 15 holds in vast generality. For

example, condition (70) is satisfied by any monotonically
increasing, concave function with a slope that grows not faster
than (for some fixed ). This includes, e.g.,

for

and any positive multiple thereof. Hence, most channels of in-
terest fall under the assumptions of Proposition 15.
Before we show some consequences of Proposition 15, we

next prove that the channel model (1) under investigation indeed
also falls under the assumptions of Proposition 15.

Corollary 16: Fix the average-to-peak-power ratio . Then,
the capacity-achieving input distribution of the
channel model (1) with peak- and average-power constraints
(3) and (4) escapes to infinity. Similarly, for the situation with
only an average-power constraint (4), escapes to
infinity.

Proof: To prove this statement, we will show that the func-
tion

(73)

satisfies both conditions (69) and (70) of Proposition 15. The
latter already has been shown in [22, Remark 9] and is therefore

9Recall that by the pre-logwe refer to the limiting ratio of channel capacity to
the logarithm of the available cost. It is sometimes also known as “multiplexing
gain.”

omitted. The former condition is more tricky. The difficulty lies
in the fact that we need to derive the asymptotic behavior of the
capacity at this early stage of the proof, even though precisely
this asymptotic behavior is our main result of this paper. Note,
however, that for the proof of this corollary it is sufficient to find
the first term in the asymptotic expansion of capacity.
Our proof relies heavily on the lower bounds derived in

Section IV and on Proposition 1. The details are deferred to
Appendix B.

The fact that escapes to infinity will be used in this
paper mainly in the following way.

Claim 17: Let be a family of input distri-
butions that escapes to infinity, and let be as in
Definition 2, i.e.,

(74)

Assume that is bounded. Then

(75)

Proof: Let be arbitrary. Choose such that for all

(76)

Recall that because escapes to infinity and be-
cause is bounded, we have

(77)

Hence, there exists an , such that for , we have

(78)

Therefore, for , we have

(79)

(80)

(81)

(82)

(83)

Here the first inequality follows from Jensen’s inequality and
the convexity of ; (82) follows from (76) and (78); and in
the last inequality, we take out of the integration and upper
bound the integral by 1.
Hence, .
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C. Proof of the Upper Bound (14)

The derivation of (14) is based on (7) with the following
choice of an output distribution :

(84)

where , and are arbitrary. Note that

(85)

is a pdf on that maximizes differential entropy
under an average-power constraint and under the constraint that

is constant.10 The choice of Gaussian “tails” for
and is motivated by simplicity. It will turn out
that asymptotically they have no influence on the result.
With this choice, we get

(86)

We evaluate each term separately

(87)

(88)

Similarly

(89)

10Compare with (44).

(90)

(91)

where the inequality follows because and because
the -function as defined in (10) satisfies

(92)

such that

(93)

(94)

Finally, for

(95)

(96)

Next, we assume and derive (using the substitution
)
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(97)

(98)

(99)

(100)

For , we bound and get

(101)

(102)

(103)

Hence, because (103) is bounded and from (100), we have

(104)
Plugging this into (96) yields

(105)

Using all these results together with (86) and (7), we get

(106)

(107)

(108)

(109)

Finally, we use11 Claim 17 and choose to be the solution to
(16). The result now follows since and are arbitrary.

D. Proof of the Upper Bounds (20) and (24)

As noted in Remarks 6 and 9, (20) and (24) can be seen as
limiting cases of (14) for and , respectively. They
are derived analogously to (14).
For (20), we make the same choice (84), but with

(110)

Note that in order to avoid any dependence on , we also upper
bound any occurrence of by instead of . From
(110), we have

(111)

and hence, continuing from (107), we get

(112)

(113)

11Note that all functions are integrable and bounded.
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(114)

where in the last step we bounded . The result (20)
now follows from Claim 17 and because and are arbitrary.
For (24), we choose

(115)

where is a free parameter. Then, we get

(116)

From (88), we know that . For , we get

(117)

(118)

(119)

(120)

where the first inequality follows in an equivalent way as shown
in (97)–(99), and the second inequality holds for large enough
such that and .
We continue with (116) and take the expectation over

(121)

(122)

(123)

(124)

Analogously to Claim 17, we have . The
result now follows since is arbitrary.

VI. DERIVATION OF THE LOW-POWER BEHAVIOR

For scenarios where the peak-power constraint tends to , a
result by Prelov and van der Meulen [23] can be used to obtain
the exact asymptotic low-power capacity. The following the-
orem is included as a special case in [23, Th. 2].

Theorem 18 [23]: Consider a channel that for all sufficiently
small inputs produces an output that is Gaussian distributed
with mean and variance that can depend on . Then,
for sufficiently small and , the mutual information
between the channel’s input and output satisfies

(125)

where denotes a term that tends to faster than ,
and where denotes the Fisher information of the channel
at

(126)

It is quite obvious that the optical intensity channel with input-
dependent Gaussian noise satisfies the assumption in the the-
orem. Thus, we can use it to derive the asymptotic low-power
capacity under both peak- and average-power constraints (33)
and under a peak-power constraint only (34).

We briefly sketch the derivation of Theorem 10. For the
channel law (1), we have

(127)

such that

(128)
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Moreover, it is not difficult to see that

if

if .

(129)
The theorem is now established by combining (128) and (129)
with (125) and the definition of channel capacity.

VII. DISCUSSION AND CONCLUSION

New (firm) lower bounds and new (asymptotic) upper bounds
on the capacity of the optical intensity channel with input-de-
pendent Gaussian noise subject to a peak-power constraint and
an average-power constraint were derived. The gap between the
lower bounds and the upper bounds tends to zero asymptotically
as the peak power and average power tend to infinity with their
ratio held fixed. The bounds thus yield the asymptotic expan-
sion of channel capacity in this regime.
The capacity of the optical intensity channel with input-de-

pendent Gaussian noise has also been established exactly for
the asymptotic low-SNR situation where the peak- and average-
power tend to zero with their ratio held constant.

A. Comparison to Other Channel Models

It is interesting to compare the presented results with the
results of the free-space optical intensity channel [8] and the
Poisson channel [11], [12]. As mentioned above, the former
model is similar to the given channel (1) because in both
channels the noise is modeled to be additive and Gaussian
distributed. The free-space optical intensity channel, however,
neglects a fundamental property of optical intensity communi-
cation: it ignores that the noise is implicitly dependent on the
current input signal.
At low power this disregard does not have a large impact on

the behavior of capacity. The asymptotic capacities (33) and
(34) are similar to the low-power asymptotic capacities of the
free-space optical intensity channel [8], especially for small
values of . In this regime, the two models also share the
same threshold between the case with both peak- and
average-power constraints being active and the case where the
average-power constraint is inactive.
At high power, however, the input-dependent part of the noise

becomes dominant. This can be seen very clearly by the fact that
in [8] the capacity grows like for large , whereas here we
have an asymptotic growth of only . Moreover, for the
free-space optical intensity channel, the range of the average-to-
peak power ratio with no impact on the asymptotic high-SNR
capacity is

(130)

while here at high power, we have

(131)

However, note that while the former result holds true for all
values of and , in the current paper, we have only been able
to prove that for , the threshold is , and for ,

it is . For any finite value of , the threshold is likely to be
somewhere in between, varying with , , and .
On the other hand, it is very interesting to observe that the

asymptotic high-power results (18), (22), and (25) turn out to
be identical12 to the asymptotic capacity of the Poisson channel
[11] for the case .
This correspondence can be understood by realizing that,

for large , the cumulative distribution function of a Gaussian
random variable with mean and variance approximates the
cumulative distribution function of a Poisson random variable
with mean . We prove this statement in Appendix C. Then,
recall from Corollary 16 about the capacity-achieving input
distribution escaping to infinity that asymptotically as the
available peak and average power and tend to infinity,
the optimal input distribution does not put any finite mass
on any finite input. Hence, for an optimal distribution and
for , we really do have . So we see that
asymptotically for large SNR and if , the channel
model (1) converges to the Poisson channel.
Thus, we conclude that whereas the capacity of the optical

intensity channel with input-dependent Gaussian noise at low
power behaves similar to the capacity of the free-space optical
intensity channel, at high power it behaves similar to the ca-
pacity of the discrete-time Poisson channel.

B. Lower Bounds

In principle, the derivation of lower bounds on capacity is
straightforward: since capacity is defined as a maximization of
mutual information over a set of possible input distributions, a
lower bound can be found by simply dropping the maximization
and picking any input distribution from the candidate set. The
problems lie in the details: first, it is not clear which distribution
to pick that would yield a good lower bound. Second, it usually
becomes very difficult to evaluate the mutual information ana-
lytically for a chosen input distribution. In particular, the latter
is a big hurdle if one is not content with numerical evaluations,
but would like to derive analytical bounds.
In this work, we have solved this issue using Proposition 11.

There we prove that it is possible to replace (i.e., lower bound)
the differential entropy of the channel’s output with the differ-
ential entropy of its input. This change simplifies the evaluation
of mutual information drastically. Note that the presented lower
bounds perform poorly at low power. This is to be expected
because at low power, the entropy of the channel output will
be dominated by the uncertainty of the noise and not the input.
Hence, the lower bound in Proposition 11 is poor in this regime.
On the other hand, at high power the input’s uncertainty will
dominate the output entropy. Indeed, as we have shown, asymp-
totically the lower bound is tight. Beside the simplification in the
evaluation of mutual information, Proposition 11 fulfills another
important task: it also provides us with clues on how to pick a
good candidate input distribution. Once is lower bounded
according to Proposition 11, we face an expression that depends
on the input distribution only. A good choice is then to choose
such as to maximize this expression under the given power

12This means that not only the pre-log factor is the same, but also the second
term in the high-SNR expansion of capacity.
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constraints. For example, in (42), we choose such as to max-
imize .
We would like to point out that the behavior of the lower

bound is relatively robust. If we choose instead of the optimized
given in (44), a much simpler uniform distribution13

if
otherwise

(132)

(where ), then we get a lower bound that has the
following asymptotic behavior:

(133)

We see that the pre-log is preserved, but only the second con-
stant term is slightly too small. For example, for , we get
a gap between the asymptotic capacity and this lower bound of

0.40 nats (134)

for , we get a gap 0.19 nats, or for ,
we get a gap 0.57 nats.
Another interesting observation we can gain from this dis-

cussion concerns the threshold of where the average-power
constraint becomes inactive. We have already seen that for the
optical intensity channel with input-dependent Gaussian noise
(1) this threshold is at asymptotically as , and at

asymptotically as . For finite values of , we
expect it to be in between these two extreme values. Since the
structure of our lower bounds is optimized for very large values
of , they do not reflect this change of threshold, but only follow
the asymptotic behavior with a threshold of . A different de-
sign of the lower bound might lead to a different behavior here,
as can be seen from the example (132)–(133) that exemplifies a
threshold .

C. Upper Bounds

For the asymptotic upper bounds at high power, we relied
on two concepts introduced in [20] and [22]. First, we use a
technique of a duality-based upper bound on mutual informa-
tion (see Proposition 1). One needs to pick a distribution on the
channel output alphabet and use it to evaluate an expression con-
taining the relative entropy.While we are completely free in this
choice of the output distribution, the problems are similar to the
situation of the lower bounds: we need to find an output dis-
tribution that simultaneously is simple enough for evaluation,
but complex enough to lead to an acceptable upper bound. The
choices used in the presented proofs here have been inspired by
the input distributions that we have chosen in the derivations of
the corresponding lower bounds.
In addition, there is a further problem: the expression of the

upper bound given in Proposition 1 also depends on the ca-
pacity-achieving input distribution. While obviously it is not
known, we do know some properties of a capacity-achieving

13Note that the choice of the right boundary of this uniform distribution
is designed such that the average-power constraint is satisfied. Also note
that this distribution does escape to infinity: for any fixed , we have

as .

input distribution: first, it must satisfy the given power con-
straints, and second, it must escape to infinity.
The notion of input distributions that escape to infinity is the

second main concept used in the derivation of the upper bounds.
As introduced in [20] and [22] and reviewed in Section V-B,
most channels of interest have the basic property that any fi-
nite-power input symbol will become less and less desirable the
larger the allowed input power becomes. In the asymptotic limit,
an optimal input distribution will assign zero probability to any
finite-power input. This property has been used extensively in
the derivation of the upper bounds. Its main application is that
any expression of the form

(135)

can be replaced by

(136)

The price we pay is that, in contrast to the lower bounds, the
upper bounds are only valid asymptotically.

APPENDIX A
A PROOF OF PROPOSITION 11

We start by reducing the problem to the situation without
input-independent noise. To that goal note that can be written
as

(137)

where and are independent, , and con-
ditional on , . By the fact that con-
ditioning reduces entropy, we have

(138)
Hence, we can reduce the problem to finding a lower bound to

only.
The proof of (36) is based on the data processing inequality

for relative entropies [24, Ch. 1, Lemma 3.11(ii)].
According to the assumptions of this proposition, we have a

distribution on the input with . Let
be an exponential probability distribution of mean

(139)

If is used as input distribution to our reduced channel
as given in (137), then the corresponding output distribution

is

(140)

By the data processing theorem for relative entropy [24, Ch. 1,
Lemma 3.11(ii)], we now obtain

(141)
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where denotes the corresponding output distribution
of the channel when an input of law is used. The first
inequality in (36) in the proposition’s statement now follows by
evaluating the left-hand side of (141)

(142)

(143)

(where is computed based on the law ), and by eval-
uating the right-hand side of (141)

(144)

(145)

(146)

Here we have used Jensen’s inequality with the convex function
to get

(147)

The proof of the monotonicity and positivity of is
straightforward and therefore omitted. To see that tends
to as , note that

(148)

APPENDIX B
A PROOF OF COROLLARY 16

To prove this corollary, we rely on Proposition 15, i.e., we
need to find a function that satisfies (69) and (70).
From the lower bounds in Theorems 4, 5 and 8 (which are

proven in Section IV), we know that

(149)

and

(150)

respectively.
We next derive upper bounds on the channel capacity. Note

that

(151)

where and denote the capacity under a peak-
power and an average-power constraint, respectively. Hence, it
will be sufficient to show an upper bound for the average-power
constraint only case.
Our derivation is based on Proposition 1 with the following

choice of an output distribution:

.
(152)

We get

(153)

From (86) and (87) with , we know that

(154)

(155)

where in the last step we used the bound

(156)

Note that (155) is bounded, i.e., there exists some finite constant
(independent of and ) such that

(157)

For , we bound as follows [compare with (117)]:
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(158)

(159)

where is another finite constant independent of and ,
and denotes the indicator function

statement
if statement is true
otherwise.

(160)

Analogously to (100), we next have

(161)

(162)

and analogously to (103), we get

(163)

(164)

Plugging all this into (153) finally yields

(165)

(166)

(167)

(168)

Hence, we get

(169)

(170)

and therefore

(171)

Hence, we have shown that satisfies the con-
ditions of Proposition 15. This proves our claim.

APPENDIX C
THE GAUSSIAN DISTRIBUTION APPROXIMATES

THE POISSON DISTRIBUTION

In this appendix, we will show that for large values of , a
Gaussian distribution of mean and variance will approxi-
mate a Poisson distribution of mean .
Note that strictly speaking we have to compare the cumula-

tive distribution functions (cdf) because a Poisson random vari-
able is discrete, while a Gaussian random variable is continuous.
To simplify the proof, however, we will use a trick to create a
“continuous Poisson random variable.” Let be a
Poisson random variable with mean , and let
be a random variable that is uniformly distributed on the interval

and that is independent of . We now define the “contin-
uous Poisson random variable” as

(172)

Obviously, is a continuous random variable with pdf

otherwise.
(173)

But also note that from one can always retrieve the value of
the Poisson random variable by simply applying the flooring
operation

(174)
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To prove our claim of approximating a Gaussian random
variable for large , we will now show that

(175)

will converge to a zero-mean, unit-variance Gaussian random
variable if tends to infinity. Note that once gets very large,
the influence of will vanish, i.e., will tend to .
Concretely, we will now show that the relative entropy be-

tween the pdf of

otherwise
(176)

and the pdf of a zero-mean, unit-variance Gaussian random vari-
able

(177)

tends to zero as

(178)

(179)

(180)

(181)

(182)

where denotes the entropy of . From [11, Lemma 19],
we know that

(183)

Hence, noting that relative entropy is nonnegative, we see that

(184)

The claim now follows because the relative entropy is equal to
zero if, and only if, its two arguments are identical.
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