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Dependency chart. An arrow has the meaning of “is required for”.
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Union = H(X,Y)
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Friend Probability

Sets of Phone Numbers

Alice i
Bob %
Carol i

(i)

(ii) (iii) (iv) (v) (vi)

0011
0011
1100

001101 0O 00 0 10
001110 1 11 11 0
110000 10 10 10 11
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(iif) (v)~(vi)

not prefix-free prefix-free prefix-free
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—1 leaf

+3 leaves
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leaf 1
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0.5
@ --- contribution of P1H; <—> terms that cancel each other
@---- @ contributions to leaf entropy
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U1 ug us Uy

i 0.4 0.3 0.2 0.1

F; 0 0.4 0.7 0.9

binary representation 0.0 0.01100... 0.10110... 0.11100...
{logQ 1—‘ 2 2 3 4
bi
shortened representation 0.00 0.01 0.101 0.1110
c; 00 01 101 1110
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ul ug us Uy
i 0.4 0.3 0.2 0.1
F; 0 0.4 0.7 0.9

ternary representation 0.0 0.10121... 0.20022... 0.22002...
[log:} 1—‘ 1 2 2 3
bi
shortened representation 0.0 0.10 0.20 0.220

C; 0 10 20 220
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4! b2 b3 2 b5
0.35 0.25 | 0.15 0.15 0.1
0.6 0.4
0 1
0.35 | 0.25 | 0.15 | 0.15 0.1
0.15 0.25

0 1 0 1
0.15 | 0.1
0 1
00 01 10 110 111
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b1 b2 b3 P4 Ps

035 | 025 | 015 0.15 0.1
0.35 | 0.25 0.4

0 1 2

0.15 | 0.15 | 0.1

0 1 2

0 1 20 21 22
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P p2 p3 yz Ps Pe p7
035 03 | 015 005 0.05 0.05 0.05
0.65 0.35
0 1
0.35 [ 0.3 | 0.15 0.05 | 0.05 0.05 0.05
0.2 0.15
0 1 0 1
0.15 | 0.05 | 0.05 0.05 | 0.05
0.1 0.05
0 1 0 1
0.05 | 0.05
0 1
00 01 100 101 1100 1101 111
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b1 D2 b3 yZt b5 Pe b7
0.35 0.3 0.15 0.05 0.05 0.05 0.05
0.35 0.65
0 1
0.3 0.15 0.05 0.05 0.05 0.05
0.3 0.35
0 1
0.15 0.05 0.05 0.05 0.05
0.15
0
0.05 0.05 0.05 0.05
0.1 0.1
0 1
0.05 0.05 0.05 0.05
0 1 0 1
0 10 110 11100 11101 11110 11111
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Step 3
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> D — 1 unused leaves

> D (or more) unused leaves

Stefan M. Moser, Information Theory, Version 5.3.



O
O

(an}
o
(@}
B

O
O

o
w
o
w

@)

]
\V)
o
\)

o

0.1 0.3 0.1
@
0 0
Step 1 Step 2, first time

Step 2, second time Step 3

Stefan M. Moser, Information Theory, Version 5.3.



Stefan M. Moser, Information Theory, Version 5.3.



Y4 P2 p3 P4 Ps Pe pr
04 01 |01 01 0.1 0.1 0.1
0.5 0.5
0 1
04 |01 |01 01 | 01 0.1 0.1
0.2 0.3
0 1 0 1
0.1 {01 | 0.1 0.1 0.1
0.2 0.1
0 1 0 1
0.1 0.1
0 1
00 01 100 101 1100 1101 111
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0.1
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111



ui U us U4 Us U (Vird

Di 0.4 0.1 0.1 0.1 0.1 0.1 0.1
F; 0 0.4 0.5 0.6 0.7 0.8 0.9
binary

represen- 0.0 0.01100 0.1 0.10011 0.10110 0.11001 0.11100

tation

1

{logQ -‘ 2 4 4 4 4 4 4
Di

shortened

represen- 0.00 0.0110 0.1000 0.1001  0.1011  0.1100  0.1110

tation
c; 00 0110 1000 1001 1011 1100 1110
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U Code (i) Code (ii) Code (iii) Code (iv)

a 0 0 10 0

b 0 010 00 10
c 1 01 11 110
d 1 10 110 111
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uniquely decod-
able codes

nonsingular codes

all codes
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Ck/

codewords
of length L

message
encoder

Vk/

‘messages of
length M

source
parser

Uy

A

source
symbols
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r-ary
DMS
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(1, ...

aCL)

block

encoder
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“illegal” “legal”, but not proper
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0.04=0.2-0.2 = Py(b) -

0.04 =0.2-0.2 = Py(b) -

0.02=0.2-0.1 = Py(b) -

0.05=0.1-0.5 = Py(d) -

0.02=0.1-0.2= Py(d) -

0.02=0.1-0.2 = Py(d) -

0.01 =0.1-0.1 = Py(d) -
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0.1=0.2-0.5= Py(b) - Py(a)

Py (b)

Py(c)

Py(d)

Py(a)

Py(b)

PU (C)

Py (d)
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0.18

0.36
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000

001

0.16

second
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second

0.16
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Message Codewords

0000 000
0001 001
001 010
010 011
011 100
100 101
101 110
11 111
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processing |« processing |« processing
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1 %
3 1
1
3
1

A

irreducible reducible
periodic aperiodic
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Px, (+) k=1 k=2 k=3 k=4
1 ) 19
Pr[ X} = 1 - =0. - =0.625 — =0.59375
r[ Xy = a 5 0.5 g 0.625 5
1 3 13
Pr[ Xy = - =0. - =0. — = 0.40625
X, =b 0 5=05 =037
7 3
Pr| X, = — = 0.601562 - =0.6
X =a] 5o = 0.6015625 .
o1 2
Pr[ X, =0 — =0.3984 - =04
HXe=b T = 03984375 -
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Ckack+17 <o
-

encoder
with
memory

Vi, Vit - -

Stefan M. Moser, Information Theory, Version 5.3.

M-block
parser

Ui, Us, ...

r-ary
DSS




N,

codewords

recency
rank
calculator

<

Vi

<

messages

M-block
parser

Ui, Us, ...
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Message Recency Rank at Time &

00 4
01 1
10 3
11 2
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Message Recency Rank at Time k& + 1

00 4
01 2
10 1
11 3
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Message Recency Rank at Time 1
(by definition)

00 1
01 2
10 3
11 4
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n 1 2 3 4 ) 6 7 8 9 10
Bo(n) 1 10 11 100 101 110 111 1000 1001 1010
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n 1 2 3 4 5 6
Bo(n) 1 10 11 100 101 110
Lg,(n)—1 0 1 1 2 2 2
Bi(n) 1 010 011 00100 00101 00110
n 7 8 9 10 11
Bo(n) 111 1000 1001 1010 1011
Lg,(n) —1 2 3 3 3 3

Bi(n) 00111 0001000 0001001 0001010 0001011
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n 1 2 3 4 5 6
Bo(n) 1 10 11 100 101 110
Lg, (n) 1 2 2 3 3 3

Bi(Lg,(n)) 1 010 010 011 011 011
By(n) 1 0100 0101 01100 01101 01110

n 7 8 9 10 11
Bo(n) 111 1000 1001 1010 1011
Lg, (n) 3 4 4 4 4

By(Lg,(n)) 011 00100 00100 00100 00100
By(n) 01111 00100000 00100001 00100010 00100011
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Ch,...

codewords
of length Ly,

Ba(:)

lNka .-+ | rec.-rank

calculator

Ui, ...

le, .- M-block
‘messages parser
of length M
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aaa aaa

aab aab

aac aac

() (d)
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aaaq aaa

aab aab

aac aac

caa caa

cab

cac

cca

cchb

(f)

ccc

Stefan M. Moser, Information Theory, Version 5.3.



nonconvex convex convex

nonconvex convex nonconvex
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A maximum

l«—— R —>
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maximum

%RH
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original name 2

new name (t) 1 2 3
i 02 0.1 0.7
0; 6 10 1.2
Di0; 1.2 1.0 084
V V A\
Bt 1 096 0.955
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uniform memoryless source discrete-time channel

U source M channel | X : modu- | waveform
source > > >

encoder | : encoder | lator
4
noise ]
\ noisy
channel
desti- | U | source |: M | channel | Y i |[demodu- [ ROISY
nation decoder | : decoder .| lator | waveform

dest. of compressed data

Stefan M. Moser, Information Theory, Version 5.3.



1—c¢
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1—-6 =1
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desti-
nation

)\§>

decoder

Yi,.... Y,

<

noise

\

<

received
sequence

channel

X1,..., X,
codeword
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uniform
source




Stefan M. Moser, Information Theory, Version 5.3.



1—-6 =1
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Processor 1

Y

Processor 2
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independent
generate X(1) - generate other

codewords X (m) using
| the same Px (),
send it but independently

through DMC
independent

Y

receive Y
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x| =2

?

1—6 >1
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[Xl=3 0 VI =2

-1
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X =2 V=2
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1—p1 —po
1—p1 —po
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| X

Q1(|1X])
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y, Version 5.3.

n Theory
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Uy

Xop—1

Y

Ui—1 | Up—2

Y

parallel—serial

>( +
U Xog
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Xop—1, Xok



10
10
01
11
11
00
00

state (Up-1, Uy 2)
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output bits (X2k—17 ng)

v 10 11
//91// 11 01 00
11 [ 49
™~ 11 00
01 00 00
01 11
00 10 01 00
01 [ 14
00 2% 100 21 0o
10 11
//}9// 11 01 00
11
01 00 2| 0o
01 11
//}l// 10 01 00
00 \\99\\
00 =2 00 2| g9




1
11 0 11
10 10
10 10 004 10
11 11 11
10 10
01y 01 01y 01 01y 01
11 11 11
00 00 00 00 00 00 00 00 00

00
|7 00
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1—c¢
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01
11 11
10 10
U=1 1 2 4
< 10 10 00g 10
U=0
11 11
3 L0 4 s
01y 01 01y 01 0N 01
0 1 2 11 4 L5 18
00 00 00 00 00 o0 00 &‘Q/\OO o0 00
not unique
y = 01 01 01 01 11
X = 11 01 00 01 11
a= 1 0 1
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y=20 y=" y=1
z=0 log 0.91 — log 0.02 log 0.07 — log 0.07 log 0.02 — log 0.02
~ 5.50 =0 =0
rz=1 log 0.02 — log 0.02 log 0.07 — log 0.07 log 0.91 — log 0.02
=0 =0 ~ 5.50
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<

w>

o>

1
11 0 11
10 10
2 2
10 004 10
11 1
9 10 o 10 4
0N 01 01Y 01 oN 01
1 11 5 11 4 11 ¢
00 00
00 00 00 00 00 00
71 17 01 11
01 00 01 11
00 11 01 11
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00

11

10 detour
10 10
11
0
01
11
00 00
00 0o 00 00 00 00 00 00

Stefan M. Moser, Information Theory, Version 5.3.




1/01

11
1/10 0/10
0/01
1/00
1/11 0/11
00
0/00
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start end
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detour £ =3

i3 =2 detour £ =1
ds =6 =1

TWi=2 Wo=0 Wi;=0 Wi=0 Ws=1 Wsg=0 W:r=0
Vi=1 Va=1 Va=0 Vi=0 Vsi=1 Ve=0 Vi=0
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Ur

Us

Xs
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1—-6 =1
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yiy2 W (y1,12(0) W™ (y1,201)
0 0 (1-0)2%2 0

0 7?2 61-6)/2 61-6)/2
0 1 0 (1—106)%/2
70 6(1-0)/2  5(1-10)/2
? 7 62 5

7 1 §(1-0)/2  §(1-90)/2
1 0 0 (1—106)2/2
1?7 5(1-0)/2 §(1-90)/2
1 1 (1-96)?%2 0

Stefan M. Mos
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I(WH) — I(W™) [bits]

0.5

0.4

0.3

0.2

0.1

BSC

BEC

0.1

0.2

Stefan
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Uy =U; Ui X4
L0 Ve
A
Us = Uy Uy X,
>
>
A
Uy = 03 [}3 X3
! —(D——>
U, = 04 l:]4 X4
@
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s
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U, UeU; X1 Y,
\/‘\ - -

Us Us®Usg T X5 Y,
YA -
> >(1) I—> >

A T

Us UsaUy X3 Y3
\m - -

Uz UzUs Xy Y,y
FQ >

N
A

Us U, X, Y,
. >(+) >(H—> >

Us Us T ~ Xs Ys
J’\—!—/ ”~

U4 U4 T X7 Y?
o >(H—> >

Us Us J Xg Ys
¢ >

=
S
=
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Ur Uie U, Yi
A
Us Us Uy Y,
> -
Y 0
Wtot,n
Uan-1 AUanl @ Uz, Y,
> —>
A
Us Us Yot1
¢ > —>
Uy Uy Y2
L 4 > E—
Wtot,n
U2n U2n YVQn
¢ > —>
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I(W) [bits]
DO OoO
SN S S

—_

I(W) [bits]

I(W) [bits]

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0.0

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0.0
1

2 3
channels W

=6

16 32 4

channels W
¢=10

8

64

/

256 512 768
channels W

¢ =16

1024

|

32768
channels W

65’536

I(W) [bits] I(W) [bits] I(W) [bits]

I(W) [bits]

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0.0
1

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0.0
1

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0.0

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

=4
4 8 12

16
channels W

=38

64 128 192
channels W

=12

256

/

1024 2048 3072
channels W

¢ =20

4096

J

524288 1'048'576

channels
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W+t

W+

W+

W7+

WH++

WtHt—

W+7+

W+

W+

W
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0.1

02 03 04 05 06 07
I(W) [bits]
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0.8

0.9

1



Uy

Us

Uy
> (1) g
>
A
U,
> (1) g
>
A
Un/2
>+
A
Un/2+1
‘ S
Un/2+2
‘ A
Un

Gn
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(y}) (y1) (v}) (y1)
1 2 3 4
(8, ad) (U1 i ven @ 111 o) (Y30 @ i © 3700y (y2)
2 2 23 5
(3, 43) (yl, . §ALa) (v3) (y3)
1 8 6 7
(y?, ’&?) y 0 a,even D 7odd) (y U3 P Uy (y4)
29 0 24 8
(W8, ) 5) 3 (y5)
16 09 10 11
(y% A) (y§7 Mll,even) (yg Ug B Uy (y6)
28 25 26 12
(yh A1) ( ,a (y7) (97)
20 19 13 14
(w5, i) (Y58 o) 8,y (ys)
32 31 27 15
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\ Error exponents

Y =

0 Rcrit
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\ Error exponents

0 RCrit
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oOe

Y =



\ EirTOr exponents

A Error exponents
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\ Ec(R)

Ro

|

Stefan M. Moser, Information Theory, Version 5.3.



decoder

DSS

encoder
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(X,...

s X}

channel
encoder

{C1 -, G| eblock | {Cr}T
h parser h
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adaptive
Huffman
encoder

{U1, ..

LU



destination|<
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d 1V1 N lossy lUl -+, UK |uniform
ercoder = compressor - BMS
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