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Abstract—In this paper, we re-introduce from our previous
work [1] a new family of nonlinear codes, called weak flip codes,
and show that its subfamily fair weak flip codes belongs to
the class of equidistant codes, satisfying that any two distinct
codewords have identical Hamming distance. It is then noted
that the fair weak flip codes are related to the binary nonlinear
Hadamard codes as both code families maximize the minimum
Hamming distance and meet the Plotkin upper bound under
certain blocklengths. Although the fair weak flip codes have the
largest minimum Hamming distance and achieve the Plotkin
bound, we find that these codes are by no means optimal in
the sense of average error probability over binary symmetric
channels (BSC). In parallel, this result implies that the equidistant
Hadamard codes are also nonoptimal over BSCs. Such finding
is in contrast to the conventional code design that aims at the
maximization of the minimum Hamming distance.

I. INTRODUCTION

In 1948, Shannon [2] ingeniously established the ultimate

limit of a reliable transmission rate over noisy channels and

baptized it as channel capacity. From then on, a new research

trend for finding good codes that operate close to the channel

capacity began. Implicitly from Shannon’s random coding

proof, such good codes call for large blocklength. Since linear-

ity does not inhibit the achievability of channel capacity, but

simplifies the analysis and implementation of codes, coding

theory and practice that follow often restrict themselves to

linear codes. Motivated by the agreement between Ham-

ming weights of codewords and Hamming distances between

codewords for linear codes, and also by the union bound

that converts the global error probability into pairwise error

probabilities, it then becomes common to use the minimum

Hamming distance as a quality criterion [3] for code design.

On the other hand, due to the analytical obstacle on the

determination of exact error probability, information theorists

usually resort to bounds such as the random coding bound.

These bounds were often derived based on certain simplifica-

tions and are by no means accurate unless the blocklength of

codes is sufficiently large. In our previous work, we attempted

to break away these simplifications and instead focused on

the exact error probability of codes for practically finite

blocklength [1]. This new attempt could give a practical code

design and remark on whether the implication from minimum-

Hamming-distance code design is consistent with the true

behavior of the error performance of codes.

In this paper, we re-introduce a new class of codes from

our previous work, called fair weak flip codes [1] [4] [5], and

confirm that they are equidistant. We further show that they

can achieve the Plotkin upper bound and hence have the largest

minimum Hamming distance among all (possibly nonlinear)

codes of equal length. We then investigate whether this opti-

mality in minimum Hamming distance can be extended to the

error performance.

Note that there exists another class of binary nonlinear

codes that also meet the Plotkin bound, called binary nonlinear

Hadamard codes. This class of binary nonlinear codes are con-

structed with the help of Hadamard matrices and Levenshtein’s

theorem [6, Ch. 2], from which the codes are named. It is thus

essential to clarify the relation between the fair weak flip codes

and the Hadamard codes. A simple comparison gives that if

for the parameters (M, n) of a given fair weak flip code there

exists a Hadamard code, then these two codes are equivalent.In

this sense we can consider the fair weak flip codes to be a

subclass of Hadamard codes. However, there is no guarantee

that for every choice of parameters (M, n) for which fair weak

flip codes exist, there also exists a corresponding Hadamard

code. By this, the fair weak flip codes can also be regarded

as an extension of the Hadamard codes.

The foundations of our insights lie in a new powerful way

of creating and analyzing both linear and nonlinear block-

codes. As is quite common, we use the codebook matrix

containing the codewords in its rows to describe our codes.

However, for our code construction and performance analysis,

we look at this codebook matrix not row-wise, but column-

wise. All our proofs and also our analysis for an equidistant

code are fully based on this new approach to a code. This

is another fundamental difference between our results and the

binary nonlinear Hadamard codes that are constructed based

on Hadamard matrices and Levenshtein’s theorem [6].

II. WEAK FLIP CODES AND THE PLOTKIN BOUND

We start with an important bound that holds for any code.

Lemma 1 (Plotkin Bound [6]): The minimum distance of

an (M, n) binary code C (M,n) always satisfies

dmin

(

C
(M,n)

)

≤







n·M
2

M−1 M even,

n·
M+1

2

M
M odd.

(1)



Note that if an equidistant code (i.e., a code whose codewords

all have identical pairwise Hamming distance) meets the

Plotkin bound (1), then this code maximizes the minimum

Hamming distance.

We next introduce some special families of binary codes.

We start with a code with two codewords.

Definition 2: The weak flip code with M = 2 codewords is

defined by the following codebook matrix C (2,n):

C
(2,n) ,

(

x

x̄

)

=

(

0 · · · 0
1 · · · 1

)

. (2)

Defining the column vector
{

c
(2)
1 ,

(

0
1

)}

(3)

we see that the weak flip code with two codewords is given

by a codebook matrix that consists of n columns c
(2)
1 .

Note that the bits of c
(2)
1 are flipped versions of each other,

therefore also the name of the code.

We have shown in [5] that for any blocklength n the weak

flip code with two codewords is optimal among all possible

codes with two codewords for the BSC and the Z-channel.

Definition 3: The weak flip code of type (t2, t3) for M = 3

or M = 4 codewords is defined by a codebook matrix C
(M,n)
t2,t3

that consists of t1 , n − t2 − t3 columns c
(M)
1 , t2 columns

c
(M)
2 , and t3 columns c

(M)
3 , where
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, (5)

respectively.

The columns given by the sets (4) and (5) are called

candidate columns. To be able to generalize the definition

of weak flip codes to an arbitrary M, we give the following

definition [1].

Definition 4: Given a number of codewords M, a length-M

candidate column c is called a weak flip column if its first

component is 0 and its Hamming weight equals to
⌊

M

2

⌋

or
⌈

M

2

⌉

. The collection of all possible weak flip columns is called

weak flip candidate columns set and is denoted by C(M). Note

that (4) and (5) correspond to C(3) and C(4), respectively. We

see that a weak flip column contains an almost equal number

of zeros and ones.

Defining the shorthands

ℓ ,

⌈

M

2

⌉

, L ,
∣

∣C(M)
∣

∣ =

(

2ℓ− 1

ℓ

)

, (6)

where L represents the cardinality of the corresponding weak

flip candidate columns set, we are now ready to generalize

Definition 2.

Definition 5: A weak flip code is a codebook that is

constructed only by weak flip columns.

Definition 6: A weak flip code is called fair if it is

constructed by an equal number of all possible weak flip

candidate columns in C(M). Hence, the blocklength of a fair

weak flip code is always a multiple of L.

Note that fair weak flip codes have been used by Shannon

et al. for the derivation of error exponents [7].

Lemma 7 (Weak Flip Codes, Plotkin Bound, and Equidis-

tance): A code that achieves the Plotkin bound (1) must be a

weak flip code. Moreover, fair weak flip codes always meet

the Plotkin bound, and they are equidistant.

Related to the weak flip codes and the fair weak flip codes

are the families of Hadamard codes [6, Ch. 2]. Note that every

Hadamard code is a weak flip code. Also note that for a given

number of codewords M and a blocklength n, the existence

of a Hadamard code is not guaranteed. For a more detailed

discussion of Hadamard codes, see [1].

III. MAIN RESULTS

The main result of this paper is that for many blocklengths

n, equidistant codes that achieve the Plotkin bound (1) with

equality, i.e., they maximize the minimum Hamming distance,

are strictly suboptimal.

Theorem 8: Fair weak flip codes with an arbitrary number of

codewords M and with a blocklength n such that n mod L =
0, are strictly suboptimal on a BSC.

Theorem 8 can be extended to general equidistant codes that

meet the Plotkin bound (1).

Theorem 9: For many blocklengths n, all equidistant codes

that meet the Plotkin bound (1) with equality (in particular,

all equidistant Hadamard codes) are strictly suboptimal on a

BSC.
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