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Union = H(X;Y )
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Friend Alice Bob Carol

Probability 1

4

1

2

1

4

Phone numbers (i) 0011 0011 1100

(ii) 001101 001110 110000

(iii) 0 1 10

(iv) 00 11 10

(v) 0 11 10

(vi) 10 0 11
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D-ary

message

encoder

C = (C1; C2; : : : ; CL)
r-ary

random
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U 2 fu1; u2; : : : ; urg
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u1 u2 u3 u4

pi 0:4 0:3 0:2 0:1

Fi 0 0:4 0:7 0:9

binary representation 0:0 0:01100 : : : 0:10110 : : : 0:11100 : : :�
log2

1

pi

�
2 2 3 4

shortened representation 0:00 0:01 0:101 0:1110

ci 00 01 101 1110
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u1 u2 u3 u4

pi 0:4 0:3 0:2 0:1

Fi 0 0:4 0:7 0:9

ternary representation 0:0 0:10121 : : : 0:20022 : : : 0:22002 : : :�
log3

1

pi

�
1 2 2 3

shortened representation 0:0 0:10 0:20 0:220

ci 0 10 20 220
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u1 u2 u3 u4 u5 u6 u7

pi 0:4 0:1 0:1 0:1 0:1 0:1 0:1

Fi 0 0:4 0:5 0:6 0:7 0:8 0:9

binary
represen-

tation 0:0 0:01100 0:1 0:10011 0:10110 0:11001 0:11100�
log2

1
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U Code (i) Code (ii) Code (iii) Code (iv)

a 0 0 10 0

b 0 010 00 10

c 1 01 11 110

d 1 10 110 111
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pre�x-free

codes

uniquely decod-

able codes

nonsingular codes
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message

encoder

Ck0

codewords

of length L

source

parser

Vk0

messages of

length M

r-ary

DMS

Uk

source
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block

encoder

C =

(C1; : : : ; CL)

source

parser
V =

(U1; : : : ; UM )

r-ary

DMS
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0:1 = 0:2 � 0:5 = PU (b) � PU (a)

0:04 = 0:2 � 0:2 = PU (b) � PU (b)

0:04 = 0:2 � 0:2 = PU (b) � PU (c)

0:02 = 0:2 � 0:1 = PU (b) � PU (d)

0:05 = 0:1 � 0:5 = PU (d) � PU (a)

0:02 = 0:1 � 0:2 = PU (d) � PU (b)

0:02 = 0:1 � 0:2 = PU (d) � PU (c)

0:01 = 0:1 � 0:1 = PU (d) � PU (d)

0:1

0:2

0:2 = PU (c)

0:5 = PU (a)

1

a

b

c

d
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Message Codewords

0000 000

0001 001

001 010

010 011

011 100

100 101

101 110

11 111
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v1
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v4

0

1
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processing
Z

processing
Y

processing
X W
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a b
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4

3

4
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irreducible

1

1

3

1

3

1

3

1

1

1

reducible

periodic aperiodic
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PXk
(�) k = 1 k = 2 k = 3 k = 4

P[Xk = a] 1
1

2
= 0:5

5

8
= 0:625

19

32
= 0:59375

P[Xk = b] 0
1

2
= 0:5

3

8
= 0:375

13

32
= 0:40625

PXk
(�) k = 5 : : : k =1

P[Xk = a]
77

128
= 0:6015625 : : :

3

5
= 0:6

P[Xk = b]
51

128
= 0:3984375 : : :

2

5
= 0:4
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encoder

with

memory

Ck;Ck+1; : : : M-block

parser

Vk;Vk+1; : : : r-ary

DSS

U1; U2; : : :
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recency

rank

calculator

Nk

codewords

M-block

parser

Vk

messages

r-ary

DSS

U1; U2; : : :
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Message Recency Rank at Time k

00 4

01 1

10 3

11 2
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Message Recency Rank at Time k + 1

00 4

01 2

10 1

11 3
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Message Recency Rank at Time 1

(by de�nition)

00 1

01 2

10 3

11 4
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n 1 2 3 4 5 6 7 8 9 10 � � �

B0(n) 1 10 11 100 101 110 111 1000 1001 1010 � � �
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n 1 2 3 4 5 6

B0(n) 1 10 11 100 101 110

LB0
(n)� 1 0 1 1 2 2 2

B1(n) 1 010 011 00100 00101 00110

n 7 8 9 10 11 � � �

B0(n) 111 1000 1001 1010 1011 � � �

LB0
(n)� 1 2 3 3 3 3 � � �

B1(n) 00111 0001000 0001001 0001010 0001011 � � �
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n 1 2 3 4 5 6

B0(n) 1 10 11 100 101 110

LB0
(n) 1 2 2 3 3 3

B1(LB0
(n)) 1 010 010 011 011 011

B2(n) 1 0100 0101 01100 01101 01110

n 7 8 9 10 11 � � �

B0(n) 111 1000 1001 1010 1011 � � �

LB0
(n) 3 4 4 4 4 � � �

B1(LB0
(n)) 011 00100 00100 00100 00100 � � �

B2(n) 01111 00100000 00100001 00100010 00100011 � � �

Stefan M. Moser, Information Theory, Version 6.16.



B2(�)
Ck; : : :

codewords

of length Lk

rec.-rank

calculator

Nk; : : : M-block

parser

Vk; : : :

messages

of length M

r-ary

DSS

U1; : : :
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(e)

b
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nonconvex convex convex

nonconvex convex nonconvex
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0 � 1

f(���)

�f(���) + (1� �)f(���)

f(���)

f
�
����+ (1� �)���

�
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R

maximum
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R

maximum
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original name 2 3 1

new name t 1 2 3

pi 0.2 0.1 0.7

oi 6 10 1.2

pioi 1.2 1.0 0.84

_ _ ^

�t 1 0.96 0.955
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source
source

encoder

U channel

encoder

M modu-

lator

X

noisy

channel

waveform

demodu-

lator

noisy

waveform

channel

decoder

Ysource

decoder

M̂desti-

nation

Û

noise

discrete-time channeluniform memoryless source

dest. of compressed data
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1 1
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X Y
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uniform

source
encoder

M
channel

X1; : : : ; Xn

codeword
decoder

Y1; : : : ; Yn

received
sequence

desti-

nation

M̂

noise

Stefan M. Moser, Information Theory, Version 6.16.



x(1)
Y

x(2)

x(3)

x(4)

x(5)

D1

D2

D3

D4

D5

Stefan M. Moser, Information Theory, Version 6.16.



1� �

0

0

1� �

1

1

�

?

�

X Y
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Processor 1
X

Processor 2
Y Z
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generate X(1)

?

send it

through DMC

?

receive Y

independent
� - generate other

codewords X(m) using

the same PX(�),

but independently

�
�
�
�
��3

�
�

�
�

��+

independent
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1 1

q1 = 1� �

q2 = �

DMC 1

DMC 2

Stefan M. Moser, Information Theory, Version 6.16.



0 a
p1

b

p2

d

1� p1 � p2

1

p1

c
p2

1� p1 � p2
2

p2

p1

1� p1 � p2

Stefan M. Moser, Information Theory, Version 6.16.



0 a

p1

p1+p2

b

p2

p1+p2

1

p1

p1+p2

c

p2

p1+p2

2

p2

p1+p2

p1

p1+p2

0

d

1

1

1

2
1

Stefan M. Moser, Information Theory, Version 6.16.



Z
0

1

XQ0(1)

2

Q0(2)

jX j

Q0(jX j)

1
Q1(jX j)

Q1(2)
Q1(1)

W

1
Y

2

jYj

Stefan M. Moser, Information Theory, Version 6.16.



X

1

2

jX j

Z

1

2

jX j

W0

1

2

jYj

1

2

jX j

W1

1

2

jYj

Y

1

2

jYj

W

Stefan M. Moser, Information Theory, Version 6.16.



Uk
Uk�1 Uk�2

+

+

p
a
ra
ll
el
!

se
ri
a
l

X2k�1

X2k

X2k�1; X2k

Stefan M. Moser, Information Theory, Version 6.16.



00

U = 1

U = 0

10

11

00

00

state (Uk�1; Uk�2)

11

10

01

01

10

11

00

00

1101

01

10

1000

00

11

1110

01

01

1011

00

00

output bits (X2k�1; X2k)

01
10

00
11

01
01

00
00

01
10

00
11

01
01

00
00

00
11

00
00

00
11

00
00

00
11

00
00

00
11

00
00

Stefan M. Moser, Information Theory, Version 6.16.



00

U = 1

U = 0

00
00

10

11

00
00

0101

10

11

11

10

00
00

11

0101

10

10

11

00

11

10

01

00
00

11

0101

10

00
00

11

Stefan M. Moser, Information Theory, Version 6.16.



1� �
0 0

1� �
1 1

�

�

X Y

Stefan M. Moser, Information Theory, Version 6.16.



00

0

U = 1

U = 0

00

1

00

10

1

11

00

2

00

01

3

01

10

2

11

11

1

10

00

4

00
�

11

01

4

01

10
�

10

4

11
�

00

11

3

10

�

01

00

5

00

11

01

6

01

10
�

00

8

00
�

11

not unique

y =

x̂ =
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4

1;odd

�

23

�
y
2
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2
1)

18

�
y
4
1 ; û1 � û2
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